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Abstract   

A multi-scale damage percolation model has been developed to predict fracture in advanced materials with 
heterogeneous particle distributions. The percolation model was implemented into a commercial 
finite-element code using so-called “percolation elements” to capture the complex stress- and 
strain-gradients that develop within the microstructure during deformation. In this approach, fracture is 
predicted as a direct consequence of the stress state, material properties and local conditions within the 
microstructure. Void nucleation, growth and coalescence models are applied for ellipsoidal voids subjected 
to general loading conditions. A novel void nucleation rule is employed for particle cracking based upon the 
particle morphology and stress state. A particle field generator has been implemented into the percolation 
software to generate representative particle fields based upon the field statistics obtained using x-ray 
micro-tomography. The percolation model was validated numerically and experimentally for an 
automotive-grade aluminum alloy in a notched tensile test used for material characterization.  
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1. Introduction 
 
     The traditional approach to modeling ductile fracture involves homogenizing the 
microstructure of a material into a simple, equivalent geometry from which the relevant constitutive 
laws can be derived [1]. While attractive from a modeling perspective, critical details of the 
microstructure are lost in this homogenization process such as the particle size, shape, orientation, 
distribution and degree of clustering. Since void initiation and evolution is a highly localized 
phenomenon originating within heterogeneous particle clusters, these models fail to reliably predict 
fracture without requiring many calibration parameters. These limitations can be overcome using a 
damage percolation model that relies upon measured particle distributions obtained using digital 
imaging or x-ray micro-tomography. Micromechanical models can then be applied to each void and 
particle within the material to forge a direct link between local changes in the microstructure and 
the overall material behaviour. An advanced damage percolation model has been developed by 
Butcher [2] that was directly integrated into a commercial finite-element code as illustrated in 
Figure 1. The performance of this percolation model is evaluated by applying it to a notched tensile 
test specimen of AA5182 sheet. The predicted fracture strains, porosity and nucleation trends are 
compared and validated with the experiment data and the porosity data available in the literature. 
 
1.1 Basics of the percolation model 
 
   The basics of the damage percolation model were established by Worswick et al. [3-4] and Chen 
[5] where particle fields are obtained via digital imaging techniques or micro-tomography. The 
particle field is then tessellated to extract the size, shape, location, and nearest neighbours of each 
particle and void within the field. This information is then used to re-create the particle field so that 
micromechanical models can be applied to each particle and void and thus predict fracture within 
heterogeneous particle distributions. The particles, voids and cracks are all assumed to be 
ellipsoidal where cracks are first formed by the coalescence of voids. The cracks are formed via a 
bounding box method and are subject to the same evolution laws as the voids. In the coupled 
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FE-percolation model of Butcher [2], the particle field is decomposed into “percolation elements” 
based upon the resolution of the finite-element mesh to better capture local stress and strain 
gradients within the microstructure. Void nucleation and coalescence occur within each percolation 
element with a global search for void coalescence occurring between elements at the end of each 
time step. The general percolation modeling strategy is outlined in Figure 2 and discussed in the 
subsequent sections. The interested reader is referred to [2] for additional details.   
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Figure 1: Multi-scale percolation model applied to a finite-element simulation of a tensile test. 
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Figure 2: Flow-chart of the percolation modeling process  

 
2. Constitutive model 
 
     The percolation material model was written as a user-defined subroutine for LS-DYNA [6] to 
integrate the stress state, analyze the microstructure for void evolution and return the stress tensor 
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and plastic strain to the finite-element program. The macroscopic stress and strain rate tensors are 
denoted as, Σij, and Dij, respectively. The porosity (void volume fraction), spheroidal aspect ratio 
and void spacing ratio are denoted as f, W, and χ, respectively. A Gurson-based yield criterion [1,7] 
using the modification of Ragab [8] for the qi parameters is employed to account for material 
softening within the percolation element and is expressed as  

        

2
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where the global porosity and average q2 value of the voids and cracks are defined as  
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with the subscripts v and c denote quantities for the voids and cracks, respectively, and an overbar 
symbol denotes a global quantity. The q1 parameter does not require an averaging procedure since it 
is a function of the stress triaxiality and hardening exponent and these quantities are assumed to be 
homogeneous in the element. Alternatively, the q2 parameter is a function of the void shape and 
stress state and will typically be different for each void and crack. The relations for the qi 
parameters and the triaxiality, T, are   
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where Ai, and η are coefficients found in Ragab [8]. The associated flow rule of the GT model 
yields the void growth relation that is applied for each void and crack as 
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where Σ1 and D1
p are the stress and plastic strain rate in the principal loading direction. 

 
Void coalescence is modeled using the criterion of Pardoen and Hutchinson [9] for internal necking 
coalescence. The onset of coalescence occurs when the following constraint is satisfied:  
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where / 4ucκ π= for a cubic cell. The void spacing ratio and the cell aspect ratio,λ , are defined as   
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where / 6γ π=  for a cubic unit cell and Li are its side-lengths that evolve with the applied strain. 
The criterion in Eq. (8) is also used to identify the onset of profuse void coalescence and failure of 
the percolation element. In this case, the global void aspect ratio and spacing ratios are: 
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where eλ  is the aspect ratio of the finite-element with respect to the principal loading direction. 

      
2.1 Calibration of the void evolution and coalescence models 
 
     To ensure that the extended GT constitutive model described in the previous section is 
accurate for a single void, an extensive study of axisymmetric unit cells containing a dilute 
concentration of voids was performed with initial void aspect ratios ranging from 0.001 to 6. Each 
unit cell was subjected to constant triaxial loadings ranging from, T = 1/3 - 3, for a material with a 
hardening exponent of 0.1. Following the method of Ragab [8], the q2 coefficient in Eq. (7) was 
calibrated for each void shape to ensure accurate predictions of the porosity. Second-order 
polynomials were used to describe the evolution of the void aspect ratios to high accuracy. See 
Butcher [2] for the complete results of this numerical study along with the calibrated coefficients 
for void evolution. When void growth and shape evolution are properly modeled, the coalescence 
strains predicted using Eq. (8) were in very good agreement with the numerical results. An example 
of the accuracy of the calibrated porosity trends for penny-shaped voids is shown in Figure 3a when 
the unit cell data is used to evaluate Eq. (7). Similarly, the predicted porosity and coalescence 
strains are shown in Figure 3b when the GT model in Eq. (1) is used to integrate the stress state. 
The good agreement of the calibrated GT model in Fig. 3b demonstrates that the predictions for 
void evolution and coalescence within the particle field are well represented for isolated voids. 
  

 
Figure 3: (a) Comparison of the porosity evolution in the unit cell and with Eq. (7) when it is evaluated using 
the stress state from the unit cell. (b) Comparison of the predicted void evolution and coalescence when 
using the GT yield criterion in Eq. (1) to integrate the stress state for a penny-shaped void in uniaxial tension.  
 
2.2 Void nucleation  
     The secant-based particle homogenization scheme of Tandon and Weng [10] was 
implemented using the procedure of Butcher et al. [11]. Using this method, the stress state within 
the particles can be estimated based upon the global stress state, particle shape, volume fraction and 
its mechanical properties. For AA5182, the iron-rich intermetallic particles are assumed to remain 
elastic during deformation and nucleate voids via a penny-shaped crack in a brittle-type fracture. 
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Butcher et al. [11] adapted the volume-based criterion of Moulin et al. [12] for the break-up of 
irregularly shaped particles during rolling to ellipsoidal particles for void nucleation as: 

 
                         

*
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= = ≈                  (12) 

 
where *

1CK  is the effective critical toughness of the particle material, Vp is the average particle 
volume and α is a geometry parameter in the Griffith mode I crack criterion to account for various 
effects such as crack blunting. This criterion contains only one physically-based parameter, K1c, and 
captures the particle size-effect where small particles nucleate at high strains while large particles 
nucleate at low stresses [13]. The nucleation model also predicts that brittle phases are more likely 
to crack than more ductile phases.  
 
3. Generation of representative particle fields 
 
  A particle field generator was developed and implemented into LS-DYNA [6] as a pre-processor 
for the percolation model. The measured probability distributions from micro-tomography studies 
were then re-created using rejection-sampling techniques. In this work, the distributions obtained by 
Orlov [14] were adopted for the semi-axes, orientations, volume fractions, and spacings of the voids 
and particles found in AA5182. The coupling of the percolation model with a particle field 
generator can enable stochastic predictions of fracture by performing multiple percolation model 
simulations. A typical particle field with a volume of 200 μm x 200 μm x 200 μm is shown in 
Figure 4 where the clustering of the voids and particles is evident along with their preferential 
orientation along the rolling direction. The respective number of voids, Mg2Si and Fe-rich particles 
in this volume are 447, 616, 5273, corresponding to volume fractions of 0.053%, 0.049% and 
0.483%.  
 

   
 

Figure 4: Generated particle field of AA5182 with a volume of 200 µm x 200 µm x 200 µm. 
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4. Application to a notched tensile test 
 

Six notched tensile specimens of 1.5 mm thick AA5182 sheet with a notch radius, R, of 3 mm, 
gage length, L, of 12.5 mm, width, w, of 18 mm, and total sample length of 80 mm were tested to 
failure under quasi-static conditions. The notch ligament length is characterized using the notch 
ratio defined as 2 / 0.25R wρ = =  in this study. Fracture is characterized using both the ligament 
strain and axial or elongation strains. The ligament strain is representative of deformation in the 
region where fracture originates whereas the axial strain provides a metric for fracture based upon 
the bulk elongation of the material. The axial and ligament strains at fracture are defined as 
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lig
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where the initial ligament length is: ligo = wo – 2R = 12 mm. The axial strain at failure is recorded at 
the appearance of a macro-crack at the notch root and not final failure since the objective of the 
finite-element models is to predict the formation of a macro-crack and not the subsequent tearing 
process. Tensile specimens with notch ratios smaller than 1/3 exhibit visible cracking at the notch 
root prior to fracture and the appearance of a macro crack corresponds to a sharp drop in the 
experimental load displacement curve [15]. 
 
4.1 Material characterization 
    
  Three tensile specimens were evaluated to characterize a Voce hardening law for AA5182 as:           

        ( )0.905p(MPa) 398.1 275.4exp 7.631σ ε⎡ ⎤= − −⎢ ⎥⎣ ⎦
      

p

p

dn
d

ε σ
σ ε

=             (15a, b) 

with a yield stress of 122.7 MPa, and elastic moduli, E = 65.33 GPa and v = 0.33. Void nucleation in 
the AA5182 alloy is attributed to the iron-rich intermetallics and not the Mg2Si particles based upon 
the micro-tomography study by Orlov [14]. The elastic constants of the Fe-rich particles are taken 
as those of steel with an elastic modulus of 200 GPa and a Poisson ratio of 0.28. It is assumed that 
the Fe-rich particles nucleate penny-shaped voids with an aspect ratio of 0.01 via particle cracking. 
The fracture toughness of the Fe-rich particles in Eq. (12) is taken as 2.15 MPa-m1/2 based upon the 
measurements of Rathod and Katsuna [16].  
     
4.2 Finite-element model 
 

A one-eighth finite-element model of the notched specimen containing 24000 constant stress 
brick elements is shown in Figure 5a. For computational efficiency, only percolation elements are 
placed at the notch root (Figure 5b) to capture the initiation of the macro-crack while the remaining 
elements obey J2 plasticity using the hardening rule in Eq. (15). The percolation model is 
computationally expensive and the size of the global particle field in this specific model is limited 
to a size of 4000 particles split into four elements. The placement of only several percolation 
elements at the notch root is acceptable for this specific notch geometry because deformation is 



13th International Conference on Fracture 
June 16–21, 2013, Beijing, China 

-7- 
 

highly localized at the notch root. A previous study by Butcher and Chen [15] using a Gurson-based 
constitutive model has shown that the only appreciable damage occurs within this region (Figure 
5c). The resulting ligament and axial strains are extracted from the FE model upon the onset of 
element deletion. The simulations are repeated five times for particle fields denoted P1-P5 that were 
generated from the tomography data of Orlov [14].  

 

  
            (a)                           (b)                         (c) 
Figure 5: (a) Typical notch geometry. (b) 1/8th FE mesh showing percolation elements and (c) Porosity 
distribution obtained by Butcher and Chen (2011) using a traditional GT damage model.  
 
5. Results and discussion 
 
   The predictions of the percolation model for the axial and ligament strain with the experimental 
values are shown in Figures 6a and 6b. The fracture strains are presented as 95% confidence 
intervals due to the stochastic nature of the percolation model. Although only five particle fields 
were considered, the variation in the axial strain predicted by the percolation model is comparable 
to the experimental variation.  
        
     The predicted porosity distributions of the five particle fields considered are shown in Figure 
7a. All of the particle fields are in excellent agreement with the experimental porosity data of [14] at 
a plastic strain up to 0.10 and show generally good agreement at the higher strain levels. All of the 
particle fields considered, P1-P5, exhibit the same behaviour where deformation is relatively 
homogenous until the commencement of void nucleation at higher strains. The start of nucleation is 
followed by localized coalescence which promptly sweeps throughout the particle field causing 
failure. The fracture porosities are also in good agreement with the metallographic observations of 
Smerd et al. [17] who reported failure porosities on the order of 0.3%. 
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Figure 6: (a) Comparison of the experimental and predicted 95% confidence intervals for the true axial strain 
at failure and (b) true ligament strain. 
 
     The number of voids in the particle field is representative of void nucleation and the 
experimental and numerical predicted values are presented in Figure 7b. The predicted number of 
voids in each of the particle fields are in are in very good agreement with the experimental 
measurements of Orlov [17]. The convergence of the nucleation predictions demonstrates that only 
several particle fields are required to obtain the general trends. The porosity and fracture strains in 
the previous figures are expected to exhibit the most variation because they are related to 
coalescence which is strongly dependent upon the local microstructure. This agreement with the 
experimental nucleation trends is very encouraging for the physical foundation of both the 
percolation and the nucleation models.  
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Figure 7: (a) Comparison of the predicted porosity and (b) total number of voids and cracks in the center of 
the notch root. The experimental tomography data is from [17] using a standard tensile specimen. 
  
     The average principal stress in the particles upon cracking (void nucleation) is shown in 
Figure 8a. Large particles crack at low stresses early in the deformation process while the smaller 
particles do not nucleate until the later in the deformation process. From this result, the stress 
required to fracture an Fe-rich particle is about 950 MPa. A strain-based nucleation criterion can 
also be developed by comparing the average volume of a broken particle to the global plastic strain 
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at which it nucleated as shown in Figure 8b. All of the particle fields display the well-known 
behaviour that small voids will nucleate only at high strains while larger particles display a 
negligible size effect and have a near constant nucleation stress or strain. Orlov [14] experimentally 
observed that no particles that had a volume smaller than 17.8 μm3 nucleated a void and this is in 
accordance with the predictions of the model. 
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Figure 8: (a) Comparison of the average maximum principal stress in the particles at nucleation and (b) 
equivalent plastic strain in the matrix upon nucleation.  
 
6. Summary 
    
     The complete damage percolation model was used to predict fracture and damage evolution 
in a notched tensile sheet specimen of AA5182 sheet. Representative particle distributions were 
created and mapped to the percolation elements located at the notch root where fracture initiates in 
the sample. The fracture strain, porosity, and nucleation predictions of the model are in very good 
agreement with the experiment data of Orlov [14]. No calibration or adjustable parameters were 
employed in the model and its good predictions of the experiment data attest to the strong physical 
foundation of the model. Fracture is a sole consequence of the stress state, material composition and 
the particle distribution. The main advantages of the present percolation model are that it is directly 
coupled into a finite-element code, contains a particle field generator as a preprocessor, and rests 
upon a minimum of assumptions regarding void evolution. At present, the main limitation of the 
model is its significant computational cost. The next phase of development of the percolation model 
will address this limitation and involve a large-scale application to a practical metal forming 
operation.  
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