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ABSTRACT 
An important task in mixed-mode fracture analysis and prediction is the simulation of crack growth 
under mixed-mode conditions. To complete such a task, one must have (a) a computer code capable 
of handling both the kinematics of general crack growth and also the determination of the stress and 
deformation states during crack growth, and (b) a fracture criterion that can properly predict the 
instant and direction of crack growth.  A current challenge is the simulation of mixed-mode crack 
growth under three-dimensional (3D) conditions, such as the growth of surface cracks, corner 
cracks, embedded cracks, and cracks with a curved crack surface and/or a curved crack front. 

In this work, we will present a brief summary of recent work directed towards 
computational aspects of a simulation procedure and associated algorithms for simulating arbitrary 
3D crack growth under general loading conditions that have been developed and successfully 
implemented by the authors in a custom, finite element based, crack growth analysis and simulation 
code CRACK3D. In particular, this paper will present strategies for automatic re-meshing of regions 
around growing crack fronts in a 3D body, and will discuss verification examples.  

Then, an application of the simulation code to the detailed analysis of crack tunneling and 
slanting along measured crack surfaces will be presented [1]. Results of this investigation suggest 
that the critical COD [2,3] value has a clear dependence on the crack front stress constraint, Am = σm 
/σe, where σm is the mean stress and σe is the von Mises effective stress.  This dependence seems to 
be linear within the range of computed stress constraint values, with the critical COD decreasing 
with increasing constraint. 
 

1  INTRODUCTION 
Many approaches have been reported in the literature for three-dimensional mesh generation 
including the advancing front technique [4-12], with most methods utilizing tetrahedral elements 
during the generation process due to its suitability for modeling complex geometries. 

For three-dimensional regions with crack-like flaws (e.g., surface, through-thickness, multiple) 
the automatic mesh generation process is difficult.  Specifically, there are two features in flawed 
components that increase the complexity of the meshing and re-meshing procedures; 
• geometric coincidence of crack surfaces where at least two nodes on separate crack surfaces 

share a common location and 
• local penetration of crack surfaces when the surfaces are not represented by coincident nodes. 
In the former case, it is essential that the appropriate node be identified so that elements can be 
generated that do not cross the fracture surface.  In the latter case, local crack surface penetration is 
often expected after discretization of curved crack surfaces, resulting in intersecting volume 
elements.  Due to the complex topology for these cases, none of the mesh generation methods in the 
literature consider both issues. 

• The importance of developing approaches for 3D re-meshing for flawed geometries is 
related to the need to develop appropriate fracture criteria for specific material systems. For 
example, recent experimental results [13, 14] clearly demonstrate that crack tunneling  



(often accompanied by fracture surface slanting) is present during the early stages of crack growth, 
even in thin-sheet ductile materials.  Even though slanting is observed in some cases, all of these 
experiments show that crack tunneling occurs under Mode I loading, regardless of whether the 
specimen is in a TL or LT orientation, suggesting that conditions at the centerline of the specimen 
result in the first increment of crack growth. 

In this work, a brief discussion of techniques developed and implemented in the custom 
code, CRACK3D, to remesh along crack fronts is presented.  Then, results from applying 
CRACK3D to model a thin, single-edge cracked specimen and quantify crack opening displacement 
(COD) as a function of stress constraint are discussed.  
 

2  ADVANCED REMESHING APPROACHES FOR FLAWS 
The Advancing Front Technique (AFT) is one of the most popular mesh generation methods [4-8].  
According to the standard approach used in AFT, a valid element is defined such that 

• any one of the sides (edges) of the new element does not intersect any one of the existing 
facets on the mesh generation front  

• any one of facets of the new element does not intersect any one of existing sides (edges) on 
the mesh generation front. 

For the case where two nodes on separate fracture surfaces are located at the same spatial position, 
or where local penetration of the separate fracture surfaces occurs locally, the standard AFT 
algorithm would result in an incorrect decision for the acceptance or rejection of a new element in 
the region near crack surfaces due to the local coincidence and/or penetration of crack surfaces. To 
overcome this difficulty, an enhanced AFT method was developed and used for mesh generation in 
structures with or without cracks.  The method is described in detail in Reference 15.  Specifically, 
algorithms have been written to properly mesh and remesh crack tip regions where 

• Two nodes on crack surfaces share the same common spatial location 
• One node on a crack surface but without corresponding “image” node from the other 

crack surface 
• Local penetration of crack surfaces 

o Determination of candidate nodes for development of valid finite elements in 
regions of penetration 

• Modification of local mesh generation front during meshing process, resulting in the 
identification and removal of ill-shaped elements 

Without loss of generality, the four algorithms developed to address the issues noted above have 
been shown to be both robust and effective when used to re-mesh a wide range of flawed and 
unflawed specimen geometries.   
 
2.1  Measurement of Mesh Quality 
Various measures of mesh quality have been proposed in the literature to characterize the shape of 
tetrahedral element [16-18].  In this work we use the measure of tetrahedral mesh quality proposed 
in [18] which has a range from zero (least quality) to one (best quality).  The following definition of 
mesh quality is used to measure the mesh quality. 

γ(N)= χ * V(N)* L1.5     (1) 
where V(N) is the volume of tetrahedral element N, χ is a normalized factor so that an equilateral 
tetrahedral element will have a maximum value of one. Specifically, 372=χ  is used in the 
work and L is the sum of square of the length of all six sides (edges) in element K.  Figure 1 shows 
the mesh for a surface-cracked solid after employing the meshing algorithms, where the number of 
elements is ~ 73,000.  Based on the quality measure given above, the minimum element quality 
γ=0.27, the maximum element quality γ=1 and the average quality of the entire mesh γ=0.82. 



3  APPLICATION TO DETERMINE COD AS A FUNCTION OF CONSTRAINT 
Figure 2 shows the single edge-cracked specimen geometry.  The specimen is machined from rolled 
2.3mm-thick sheets made of aluminum alloy 2024-T351 and pre-cracked in the LT orientation with 
an initial crack length to specimen width, a/w = 0.0833 [1].  To assess the level of crack tunneling in 
the presence of crack surface slanting, the procedure described in [19] was used to obtain crack front 
profiles on the non-planar fracture surfaces.  Figure 3 shows the projected shape of the crack front 
profiles.  The non-planar fracture surface shape (see Fig. 4 for a finite element representation) was 
measured using the procedures outlined in [13]. 

To determine constraint along the crack fronts shown in Fig. 3, the finite element code 
CRACK3D is used to analyze the stable tearing crack growth experiments.  Initial mesh generation 
and post-analysis determination of stress and deformation states at various positions ahead of the 
current crack front are determined using the commercial code ANSYS.  In this study, the nodal 
release option in CRACK3D is used to advance each crack front along the prescribed 3D fracture 
surface from the current crack front to the next one.  Crack extension is accomplished through the 
release of nodal pairs (the two nodes in a pair are initially tied together by rigid springs) along the 
crack path when a certain condition is met.  Crack extension along the crack front in the FE model is 
enforced when the load level reaches the value at which crack extension was observed (and the 
crack front is marked by fatigue) in the experiment. 
 
3.1  COD and Constraint During Stable Tearing 
The variation in total COD at a distance of 0.5 mm behind the crack front (along a line normal to the 
crack front) for crack fronts 3 through 6 is shown in Figure 5.  The through-thickness position in 
Fig. 5 refers to the z coordinate value along the crack front. Results for crack fronts in the early 
stage of crack growth are not shown because these crack fronts have growth only in the middle 
section and do not provide reliable critical values along parts of the crack front that are not at the 
impending moment of growth. 

The variation in constraint, Am = σm /σe, along crack fronts 3 through 6 is shown in Figure 
6.   The constraint value at each crack front point is computed based on an integrated average from 
the crack front to 0.3 mm ahead of the crack front, in the direction normal to the crack front and 
within the plane of the crack surface. It must be pointed out that, at and very near the specimen’s 
front and back surfaces, a distance of 0.3mm ahead of a crack front may go outside the specimen 
domain. In this case, the constraint value for the next interior crack front point is used to 
approximate the constraint value for the current crack front point.   

Figure 7 shows the relationship between critical COD and constraint for crack fronts 3 
through 6. 
 

4  DISCUSSION OF RESULTS 
The computational strategies and algorithms developed have been shown to eliminate difficulties 
associated with automated (re-)meshing of 3D structures, with and without geometric 
discontinuities.  Applications have shown that it is numerically stable, generating well-shaped 
elements in crack front regions and in far-field regions removed from the crack front. 

Application of CRACK3D to the modeling of stable tearing in a single edge-cracked 2024-
T351 aluminum specimen shows that there exists a nearly linear relationship between stress 
constraint and critical COD, with higher constraint values corresponding to lower levels of critical 
COD.  The results are consistent with a recent void-growth study [20] which demonstrated a clear 
relationship between σm  and σe during ductile failure.  Based on their results, the authors suggested 
that there should be a relationship COD(Am) at the onset of crack extension.   



Thus, crack tunneling may be interpreted as the result of a lower critical COD near the 
mid-thickness of the crack front where higher constraint is present and a higher critical COD near 
the specimen’s front and back surfaces, where lower constraint exists.  
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Figure 1:  Automatically generated mesh of a cubic solid with a surface crack: (a) general view of 
 the mesh; (b) mesh cross-section along crack surface; (c) mesh quality distribution. 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure2: Schematic of a single-edge crack specimen    Figure 3: Crack front profiles  
 

 
 
 
 
 
 

 
Figure 4:  Finite element representation of 3D crack surface shape and crack front profiles for stable 

  tearing analysis of single edge-cracked specimen under Mode I loading 
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Figure 5:  Variation of the magnitude in COD along crack fronts 3-6 at 0.5 mm behind  
   the crack front. 

 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 6:  Variation of stress constraint Am along crack fronts 3-6 averaged over 0.30mm 
  ahead of current crack front 

 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 7:  Critical COD as a function of stress constraint Am 
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