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SCALING OF QUASI-BRITTLE FRACTURE :
MORPHOLOGY OF CRACK SURFACES AND ASYMPTOTIC ANALYSIS.
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ABSTRACT

Recently, the anomalous scalingproperties,observed on cracksurfacesof quasi-brittlematerials,waspro-
posedto berelatedto theexperimentalR-curvebehavior andsizeeffecton thecritical energy releaserates[1].
On this basis,anenergy-basedasymptoticanalysisallows to extendthe link betweenanomalousroughening
of cracksurfacesto thenominalstrengthof structures.Theestablishedrelationrepresentsasmoothtransition
from thecaseof nosizeeffect, for smallstructuresizes,to apower law sizeeffectwhichappearsasadecrease
of thelinearelasticfracturemechanicstheoreticalone,in thecaseof largesizes.This predictedsizeeffect is
confirmedby fractureexperimentsonwood.

KEYWORDS

Scaling,Quasi-brittlematerials,Roughening,Asymptoticanalysis,Energy release,Sizeeffect.

INTRODUCTION

Fractureof quasibrittlematerialssuchasconcrete,wood,toughceramicsor variousrocksandcomposites,is
characterizedby theeffectof structuresizeon its nominalstrength[2]. In thesematerials,a largefracturepro-
cesszone(FPZ)with microcrackingdamagedevelopsinducingstressredistributionswhich greatlyincreases
the effective fractureenergy. This particularbehavior, known asthe resistancecurve (R-curve), leadsto the
releaseof thestoredenergy by thestablemacrocrackgrowth, beforethemaximumload is reached,andis at
theorigin of thesizeeffect.
A recentstudyhasshown thattheR-curve behavior of quasi-brittlematerialscouldbelinkedto themorphol-
ogy of cracksurfaces[1]. This link betweenmacroscopicfracturepropertiesandthefractalnatureof cracks
at themicroscaleis basedon theanalysisof the completescalingbehavior of the local fluctuationsof crack
surfacesobtainedin two quasi-brittlematerials: granite[3] andwood[4]. Thescalinglaw (calledanomalous
scaling[5,6]) neededto describeaccuratelythe crackdevelopmentsin the perpendicularandparalleldirec-
tions of crack propagationinvolves threescalingexponents,one is the universallocal roughnessexponent�������
	������������

(i.e. independentof thefracturemodeandof thematerial[7]) andtwo otherexponentswhich
arematerialdependent,theglobal roughnessexponent

�
andthedynamicexponent� . Themeasuredvalues

of theglobal roughnessexponentare
��	�����

in granite[3] andrespectively
������

and
������

in thecaseof two
speciesof wood(pineandspruce[4]). Moreover, it hasbeenshown in [3,4], thatfracturesurfacesstartingfrom
a straightnotch,exhibit anomalousroughnessdevelopmentfor cracklengthincrements "!�#  %$'&(!*) . This is
followedby astationnaryregimewherethemagnitudeof theroughnesssaturatesandappearsto bedependent
on thespecimensizefor cracklengthincrements "!,+  -$'&.!/) . On this basis,the revisitedGriffith criterion
[1] which takesinto accounttheenergy requiredto createaroughsurfaceat themicroscale,leadsto aR-curve



behavior (1) linkedto theanomalousroughnessdevelopmentof fracturesurfaces.In (1), 021 is theresistance
to crackgrowth and

�43
the specificsurfaceenergy (consideredasan averagevaluetaking into accountthe

heterogeneous5 characterof thematerial). The terms 6 and 7 areprefactorsand 8 � is the lower cutoff of the
fractalrangeof thefracturesurface(i.e. thecharacteristicsizeof thesmallermicrostructuralelementrelevant
for thefractureprocess).Notethatthetermundersquareroot is dimensionless.
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On theotherhand,on thezonewheretheroughnesssaturates(i.e. for cracklengthincrements -!,+  -&.!/) ),
the link [1] leadsto a critical resistanceto crackgrowth 091�] (2) where a is the characteristicsizeof the
structure(homotheticstructure)and ` a proportionalitycoefficient. Note that in (1) and(2) thecracklength
increment -$ hasto beunderstoodasan elasticallyequivalentcracklengthincrementin thesenseof linear
elasticfracturemechanics(LEFM).
Themainconsequenceof thelink betweenfracturemechanicsandanomalousrougheningof fracturesurfaces
[1] is the sizeeffect on the critical resistanceto crackgrowth (2) which is inducedby the the dependence
of the maximummagnitudeof the roughnessas a function of the structuresize a . As shown in Fig. 1
for arbitraryvaluesof the scalingexponents,the sizeeffect on the critical resistance091�] (2) exhibits two
asymptoticbehaviors. Thetransitionhappensfor thethecrossover length aV] 	d�fe `g:.8 �RQ K<I(M ONP e 6H= Q Z W IhK<INM ONP Y . For
smallstructuresizes(i.e. ai# a_] ) wheretheroughnessof fracturesurfacesis weak,thereis no sizeeffect :091�]�> �43

, while for largestructuresizes(i.e. aj+ a_] ), which correspondto importantfractureroughness,
thecritical resistanceevolvesasa power law : 091�]lkma IhK<I M ONP .
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Figure 1: Size effect on the critical resistanceto
crack growth obtainedfor:
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Figure 2: Geometricallysimilar TDCB fracturespeci-
mensof different sizes a 	 uvw�<xy�������xy�f�<���xh���v��vxh������
and

������
mm.

Thepurposeof thepresentpaperis to revisit thesizeeffectrelationonnominalstrengthof structuresproposed
by Bažant [8] by introducingthe modificationsinducedby the link [1] betweenanomalousrougheningof
fracturesurfacesandmaterialfracturepropertiesof quasi-brittlematerialspreviouslymentioned.

ANOMALOUS ROUGHENING AND SIZE EFFECT ON NOMINAL STRENGTH

In the framework of reference[8], the size effect (for two-dimensionalproblem)in geometricallysimilar
structurescanbedescribedby usingthenominalstress:z|{ 	 }~ a (3)



where } is theexternalloadappliedon thestructure(consideredto bea loadindependentof displacement),a
is thecharacteristicsizeof thestructureand

~
is theligamentlength(Fig. 2). When } 	 }�� , i.e. theultimate

load, z|{ is calledthenominalstrengthof thestructure.
In thecaseof aquasi-brittlematerial,thenominalstrengthz|{ dependson thecracklength $ correspondingto
theultimateload }�� suchas: $ 	 $ �
D  -$'&.!/) where $ � is thelengthof theinitial crackand  -$'&.!/) id defined
asthecritical effective lengthof thefractureprocesszone(under}�� ). In orderto obtaindimensionlessenergy
releaseexpression,we introducetherelative cracklength: � 	 � �;Di� , where � ��	 $ �Re�~ and

��	  -$'&.!/) e�~
aredimensionlessvariables.Themainproblemto establishany sizeeffect relationon nominalstrengthis to
determinetheeffective lengthof theprocesszone  -$<&(!*) . Indeed,thedependencebetween -$<&(!*) (or in other
termsthecracklengthincrementbelow which theR-curve (2) applies)andthespecimensizedoesnot appear
clearlyin theroughnessanalysis[3,4]. A possibleway to resolve this problemconsistsin consideringthatthe
materialfailure of a quasi-brittlematerialis not only characterizedby the specificsurfaceenergy

�43
[1] per

unit surfaceof the actualcrack(Eq. 1 and2), but alsoby a critical damageenergy releaserate 09� per unit
volumeof damaged material(i.e., per unit volumeof FPZ).Thus,onecanassumethat failure at maximum
loadis obtainedfor theenergy balance: 0��;�����|� 	 �43 6��f:( -$<&(!*).= (4)

where 6��^:. -$'&.!/).= is the real cracksurfacecorrespondingto the effective cracklengthincrement -$'&.!/) . The
volumeof thefractureprocesszonecanbeestimatedas �|���|� 	 a" -$<&(!*) U e4� whereaV -$'&.!/) correspondsto the
projectedcracksurfaceand  %$'&(!*) e�� is theheight of theFPZ(

�
is aconstant,i.e. independentof thesize a ).

On theotherhand,at themaximumload,thecrackcorrespondingto thecracklengthincrement %$'&(!*) propa-
gatesif its energy releaserate 0 (obtainedat constantload } or z|{ ) becomesequalto thecritical resistance
to crackgrowth 091�] definedin (2) : 0 	 �a��*������ $��f�R�

	 091�] (5)

wherethe complementaryenergy ��� characterizesthe energy storedin the structure. This energy canbe
expressedasa function of the relative cracklength � : �d� 	 z|{ U a ~ UR� :.�
= e�� where � is a dimensionless
functioncharacterizingthegeometryof thestructure.Thus,knowing therelative cracklengthfor which the
maximumloadis reached,thenominalstrengthof thestructurecanbewrittenas:z|{ 	�� � 091�]~¡  :.�;= (6)

in which
  :.�;= 	 � � :.�
= e � � correspondsto thedimensionlessenergy releaseratefunction.

On the otherhand,in structuressaidto be of positive geometry(i.e. �   :.�
= e � �d¢ �
) which is the restricted

caseof this study, the cracklengthincrement -$'&.!/) at maximumload representsthe limit of stability of the
crackgrowth if thestructureis underloadcontrolratherthandisplacementcontrol.

Large-size asymptotic expansion of the size effect
As previously mentioned,the crack length increment -$<&(!*) correspondingto the maximumload }�� canbe
determinedby Eq.(4).Moreover, for largestructuresizes(i.e. aq+ aV] ), thecorrespondingrealcracksurface6�� canbeeasilyestimatedfrom [1] as: 6���>�£sa¤ %$'&(!*)�:(a e aV]¥= ILK<INM ONP where £ is a constant(functionof the
scalingexponents).Substituting6�� in (4) yieldstheexpressionof thecracklengthincrement: -$'&.!/) 	j¦ � £g§ aa_]E¨ ILK<I M ONP (7)

where
¦ � 	©�¥�43ªe 0�� canbe considerasa materiallength. Thus,for large structuresizes,the relative crack

lengthof the FPZ (i.e.
�«	  -$<&(!*) e�~ ) is expectedto evolve asa power law

� k¬a ILK<I M ONP K Q and 8®.¯ �°	±�
for am² D�³

. In otherterms,in largestructures,the fractureprocesszoneis expectedto lie within only an
infinitesimalvolumefractionof thebodyandso 8N.¯�� 	 � � for a�² D�³

. Notethatthisresultis in agreement
with theassumptionmadein [8]. Hence,

  :.�;= beinga smoothfunction,we mayexpandit into Taylor series
around� 	 � � andEq.(6)thusyields:z|{ 	 � � 091�]~ �   :(� � = D´  Q :.� � = �¡D�  U :(�

� = � U�<µ D´ �¶ :.� � = �
¶��µ Di·[ � K Q Z U (8)



	 z|¸ @BBBBBC § �¹D :»ºº�¼ = UXW IhK<I M ONPcY ¨
Q Z Uºº<½ D :_ºº�¼ = ILK<INM ONP D¬¾

U º<½º :_ºº�¼ = UXW IhK<INM ONP Y
D¬¾h¶ :Rº<½º = U :_ºº�¼ =

¶
W ILK<INM ONP Y Dt[· (9)

where
  Q :.� � = 	 �   :(� � = e � � ,

 
U :.�
� = 	 � U   :.� � = e � � U , ..., and

¾
U
	i  :(� � =   U :.�

� = e : �4  Q :(� � = U = ,¾h¶¿	À  :(� � = U  �¶ :(� � = e : �4  Q :.� � =
¶ = , ..., and, z|¸ 	 � �43Á�¯   :.� � =Âa Q (10)

a Q 	 ¦ � £¯
  Q :.� � =  :(� � = (11)

are all constants.The terms ¯ in (10) is a proportionalitycoefficient betweenthe ligamentlength
~

and
thecharacteristicsize a of thespecimens(

~T	 ¯Ãa ). Expression(9) providesa large-sizeasymptoticseries
expansionof thesizeeffectbut is expectedto divergefor structuresizesa�² �

asshown in Fig. 3.
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Figure 3: Approximatesizeeffect on the nominal strength(solid curve) and asymptoticseriesexpansions
(dashedcurves).

Moreover, in (9) the termsof non zero powers in denominatorvanishfor aÉ² ³
and so, the large-size

first-orderasymptoticapproximationcanbeobtainedby truncatingtheseriesafterthelinearterm:

z|{ 	 z|¸ @BBBBBC § �¹D :»ºº�¼ = UXW IhK<INM ONP Y ¨
Q Z Uºº'½ D : ºº�¼ = ILK<I M O(P (12)

Thus, the main consequenceof the anomalousrougheningfor the size effect in the caseof large sizesis
that the nominalstrengthis expectedto decreaseas z|{ k?a K Q Z U/ÊÁW ILK<INM ONP Y[Z U (asshown in Fig. 3) insteadof
the theoreticalresult of LEFM z|{ kËa K Q Z U [8]. This differenceoriginatesin the fact that, in the caseof
an anomalousroughening,the critical resistanceto crackgrowth 091�] (2) is expectedto evolve asa power
law 091�]Ìk©a ILK<I M O(P for largestructuresizes(asshown in Fig. 1) while in the theoreticalcaseof LEFM, the
critical resistance021v] is assumedconstant.Nevertheless,in thecasewherethereis noanomalousroughening,
i.e.

�,	Í�������
[1], thetheoreticalsizeeffectof LEFM is recovered.

Small-size asymptotic expansion of the size effect
In Bažant’s theory[8], no sizeeffect is expectedfor small structuresizes( a�² �

); this is thedomainof the
strengththeory. A possiblejustificationis that,in smallstructures,thefractureprocesszoneoccupiestheentire
volumeof thestructureandhence,thereis nostressconcentrationandsonodistinctfractureatmaximumload.



Suchanargumentcanbealsoobtainedby substitutingtherealcracksurface6�� createdin smallstructuresinto
the the fracturecriterion (4). Indeed,in small structuresizes(i.e. a�# aV] ), the roughnessbeingnegligible,
actualcrackÎ surfacesarenot sodifferentfrom theprojectedone: 6Ï�9>AaV -$'&.!/) . Hence,from (4), thecrack
lengthincrement -$'&.!/) (or in othertermstheeffectivefractureprocesszonesize)tendsto themateriallength: -$'&.!/) 	Í�Ð�43ªe 09� 	Í¦ � for a�# aV] . Thus,whenthemateriallength

¦ � 	�~9� $ � (Fig. 2), thefractureprocess
zoneoccupiestheentireligamentof thestructure.
On thebasisof Bažant’s theory[8] andin orderto obtaina small-sizeasymptoticexpansionof thesizeeffect,
let usnow introducea new variableandanew function:Ñ 	 �� 	 ~ -$'&.!/) x Ò :.� �Óx Ñ = 	   :(� ��DÌ� =� 	 Ñ   :(� ��Di�fe Ñ = (13)

Thefunction
Ò :(� ��x Ñ = correspondsto thedimensionlessenergy releaseratefunctionof theinverserelativesize

of the fractureprocesszone. Substituting(13) into (6) andexpanding
Ò :.� �Óx Ñ = into Taylor seriesaboutthe

point :.� �ÓxL� = since 8®.¯ Ñ 	Í� when
~

or a�² �
, leadsto thenominalstrength:

z|{ 	 � � 091�]¦ � � Ò :(� �Óxh� = D´Ò Q :.� �ÓxL� = Ñ DÌÒ U :.�
�Óxh� = Ñ U�vµ DÌÒÔ¶ :.� �yxh� = Ñ

¶��µ Di·[ � K Q Z U (14)

	 z|¸�Õ @BBBBBC § �¹D :_ºº�¼ = UXW ILK<I(M ONP Y ¨
Q Z U�¹D ºº�Ö D ¦

U :ªºº�Ö = U
D¬¦R¶ :ªºº�Ö = ¶ Dt·[ (15)

where
Ò Q :.� �yxh� = 	 � Ò :(� �Óxh� = e � Ñ , Ò U :(�

��xh� = 	 � U Ò :.� �yxh� = e � Ñ U , ...,and
¦
U
	iÒ

U :.�
�ÓxL� = Ò :.� �Óxh� = U e : ��Ò Q :.� �Óxh� = U = ,¦R¶×	ÍÒÔ¶ :.� �Óxh� = Ò :.� �Óxh� = ¶ e : ��Ò Q :(� ��xh� = ¶ = , ..., and,z|¸ Õ 	�� �43Á�Ò :.� �Óxh� = ¦ �

x a U
	Í¦ �

Ò :.� �yxh� =¯ Ò Q :(� ��xh� = (16)

areall constants.The small-sizeasymptoticseriesexpansionof thesizeeffect on thenominalstrength(15)
is plottedin Fig. 3. As shown in Fig. 3, the nominalstrengthtendsto a constantwhen ad² �

(i.e. z|¸�Õ as
expectedin thecaseof astrengththeory)but divergesfrom thelarge-sizeasymptoticbehavior of thesizeeffect
(9) for a�² ³

(which coincidesto thestraightline of slope
�2�^e��¡D : �9��������� = e�� ).

Approximate size effect
Now, themainproblemconsistsin interpolatingbetweenthelarge-size(9) andthesmallsize(15) asymptotic
seriesexpansionin orderto obtainanapproximatesizeeffect valid everywhere.In our casethe intermediate
behavior seemsverydifficult to determinebecausethethefirst two termsat thenumeratorsof thetwo asymp-
totic expansionsaredifferent.Nevertheless,it is interestingto observein Fig. 3 thatasatisfactoryapproximate
sizeeffect canbeobtainedby truncatingthesmall-sizeasymptoticseriesexpansionafterthelinearterm:

z|{ 	 zÙØ !/Ú @BBBBC § �ÛD :»ºº�¼ = UXW ILK<I M ONP�Y ¨ Q Z U�ÛD ºº O (17)

wherethe contantszÙØ !/Ú and a � will be discussedin the following. Indeed,this sizeeffect curve is seento
representthe transitionbetweena horizontalasymptote,characterizingthestrengththeoryfor which thereis
no sizeeffect, anda decreasingasymptote,correspondingto a power law of exponent

�9�fe���D : �-�i������� = e��
characterizingthedecreaseof theLEFM sizeeffectcausedby thegrowth of thecritical energy releaseratefor
largestructuresizes.A possiblejustificationis that,in thelarge-sizefirst orderexpansion(12),thesecondterm
in numeratorhasno influenceon thelargesizeasymptoticbehavior of thesizeeffectbut inducesadivergence
at smallsizes.
However, onelimitation of theapproximatesizeeffect (17) is thatthevaluesof z|¸ and z|¸ Õ (characterizedbyzÙØ !*Ú ), andthevaluesof a Q and a U (characterizedby a � ) would besurelydifferentif thesevalueswereto be
determinedfrom largesizedataor from smallsizedata.Theapproximatesizeeffect (17)only givestheshape



of thesizeeffectrelationonthenominalstrengthbut doesnotallow for adeterminationof theparametervalueszÙØ !*Ú and a � . Only thecrossover length aV] andthescalingexponents
�r���c�

and
�

areunivoquelydetermined
from the5 roughnessanalysis.
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Figure4: Sizeeffectonnominalstrengthrespectively for pine(a)andspruce(b). Theexpectedslopefrom the
roughnessanalysis[1] are
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for spruce(b).

On the other hand,it seemsdifficult to comparethe crossover lengths a Q and a U , or in other terms a � in
Eq.17,to thecrossover length a_] by meansof their analyticalexpressions: thefirst onebeingdeducedfrom
a mechanicalapproachand the secondone from a roughnessanalysis. However, from a physicalpoint of
view, both have the samemeaning.For small structuresizes, i.e. aà# aV] or a � , the energy releasefrom
thestructureis negligible, while for largesizes,i.e. aq+ a_] or a � , theenergy releaseis dominant.Hence,it
seemsreasonnableto assumethatbothcrossover lengthsareof thesameorderof magnitude(it is thecasein
Fig. 3 whereit is assumedthat a �E	 a_] ).
In Fig. 4, thenominalstrengthz|{ obtainedfrom geometricallysimilar modeI fractureTDCB specimensis
plottedversusthe characteristicsize a . With the assumptionthat a �á	 aV] , it hasbeenshown in [1] that
thecrossover length aV] wassmallerthanthesizesa of testedspecimens.Hence,thesizeeffect on nominal
strengthsis expectedto evolve (seeEq. 17), asa power law z|{ kâa K Q Z U/ÊÁW ILK<I M ONP�Y·Z U . The latter power law
behavior is in goodagreementwith theobservedexperimentalsizeeffect in woodasshown in Fig. 4.
In conclusion,a modificationof the Bažant’s sizeeffect law [8] hasbeenproposedon the basisof the size
effect on theenergy releaseobservedin thecaseof ananomalousrougheningof fracturesurfaces.It hasbeen
found that theapproximatesizeeffect relation(17) is slightly differentfrom the classical sizeeffect law [8]
for largestructuresizes,andpredictsanasymptoticbehavior z|{ kma K Q Z U/ÊÁW ILK<I M ONP�Y·Z U insteadof thesizeeffectof
LEFM, z|{ k�a K Q Z U . However, if therougheningof fracturesurfacesis only slightly anomalous(i.e.

� ² �������
[1]), the theoreticalsizeeffect of LEFM is recovered,which correspondsto thefracturebehavior of a purely
elasticbrittle material.
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